The variation of the adiabatic invariant fx of a harmonic oscillator or gyrating particle in a time varying homogeneous magnetic field is given as an absolutely converging series. This solution is used to discuss the behaviour of the adiabatic invariant for slow and fast as well as small and large variations of the oscillator strength.
The problem of the Adiabatic Invariant has a more than 50 years old history. It played a role in the old quantum theory in establishing the quantum conditions.
More recently, the magnetic moment -the magnic flux through the cross section of the orbit of a spiraling particle -plays a role in plasma physics and astrophysical considerations, as the VAN ALLEN belt. In a succession of papers 1 it has been proven that the adiabatic invariants are indeed invariant to all orders, where the expansion para- In this communication the solution of the problem is given as an absolutely converging series and some asymptotic results are discussed. (x is the complex conjugate of x).
Equations and Solution
We are interested in the change of the adiabatic invariant Afx = JLI (tx) -ju (t0); t1>t0 for co > 0. If fx depends on t, A JLI will also vary in time. In order to make A fx time independant we consider the limit tt ->• + oo, t2 -oo, and allow only those variations of co such that: lim co («) = co0 and lim co (t) = (Oj.
t->• -oo t->-foo
Furthermore also the first two derivatives of co are to disappear in these limits.
Using CHANDRASEKHAR'S transformations 3 dr = co(*)d<, W=V(öx.
( 1 
The change in fx is easily calculated by multiplying (4) with W, adding the conjugate complex and integrating over time:
CHANDRASEKHAR solves (4) by an iteration procedure and stops at second order. We do essentially the same, but in writing down the whole series we are able to prove its absolute convergence. This property plays a mayor role in the following. Anticipating that the theory of VOLTERRA equations applies 5 the solution of (8) may be written as
The resolvent kernel H(r,x') statisfies the integral equations
K(r,r)+H(r,r f ) = fdr"K(T,r") H(x\x)
T'
= /H(T,T") K(T",T')
dr"
where
is the kernel of the original equation (8).
The resolvent kernel may also be written as a series:
Thus the solution of (4) can be written as
T TT + /dr1A:(r,T1) fdx2K(x1,x2) W0(r2) + ...
The above solution is only sensible, if the series (17)
We prove the convergence of (12) 
It is certainly true for n = 0. To prove it for N + 2 if it is assumed to be true for n = A R +L we write:
Thus j H(r, r')\ has the majorant \f(/)\exV{fdz\f(z)\} Obviously H(x, T') must also be of the form
In order to reconcile (20) and (21), H{x,x) must be written as
where aj, a2, , 62 are constants. To determine those insert (22) into (12) and assume that for T --00
In this limit the right hand member of (12) vanishes to higher order than the left hand side and the constants are determined to ai = b2 = 0; a2 = -1/2 i; 62=+l/2i and we thus obtain:
(24) If we choose
we obtain in the same manner:
We shall use this formula in one of the following estimates.
Definition of Slow and Fast Transitions
We want to study the variation of // if }{x) changes very slowly compared to a gyration period of the particle. For this purpose we write formally co(atf) instead of co(t) in (1) and (2). (3) is replaced by (XT ax= J a> (a t) d(a t) .
0
Then f(x) is replaced by a 2 f(ax) (27) in (5) and (4).
We now define a "slow transition" by the limit a 0. The opposite, a rapid change of to (/) has and all expressions in (11), (12), (14) and (16) exist.
Representation of the Solving Kernel H(r, T') by the Solutions of (4)
A representation of H(x,x') in terms of the solutions of (4) can be formed. We differentiate the left hand side and the middle part of (12) twice with respect to r. The result is, after some obvious
Thus if Wi(x) and W2(x) are two independent solutions of (4), H(x,r) may be written as
gt and g2 being arbitrary functions.
already been treated by HERTWECK and SCHLÜTER and our method is not appropriate to treat the same case. However, if we generalize (27) into a 1(a) f(a r)
where X is an appropriately chosen amplitude factor, which may depend on a, we are able to treat the limit a-v oo of "fast transitions". A class of a> (t) is found for which a rigourously constant adiabatic invariant can be defined.
Fast Transitions
We consider for simplicity a function / (a r) which is zero outside 0 ^ a r It is easy to generalize the consideration for the case where /(at) becomes not zero but only very small outside this interval.
If we write (16) converges if we choose X(a) = const, and make a large enough.
In the limit a->00 ist is seen from (28) that
and (30) shows that the solution is given by the first 2 terms of (29) :
W(r) = W0(r) +^(sinr) W0(0).
This solution can be interpreted in physical terms by putting
co(t) = l-XS(t).
This means that the string of the pendulum experiences a sudden elongation and immediate contraction to the original length or vice versa. On the other hand we may also interpret f(r) as ß/ß as in (5). After integration we obtain co = co0 > 0 ; 0
r= (ont l-/.(O0t
From (9), (10) and (32) The assumption (17) can also be written 
Note that ^ (WW +WW) is an exact invariant for all times except t = 0, whereas is not because dco/df does not disappear for <>0.
Therefore co(t) must be greater than zero, at least piecewise differentiable and its derivative must vanish faster than 0(<-Vl ) for t->±oc.
We will derive some general estimates.
We define Wt(z) and W2(r) as in (25) and write af\f(x)\dx or X f j f(x) | dr respectively.
-oo -oo
From the general solution of (4), CWX (r) + DW2 (r) W2 (r) = Gg8 sin r + (1 -Clc) cos r . Thus the change of the adiabatic invariant can be estimated to be:
Holomorphic oj(t)
The degree of constancy of fx can be very much
In order to estimate G, (19) is introduced into (11) improved if more stringent conditions are imposed and the following inequality results: on co(t). We assume now that co(at) is holomorphic r in a strip around the real axis of width 2D. Naturally
this strip is symmetric with respect to the real axis because co (t) is a real function. If the general solution (9.1) is inserted into (7), we obtain because of (10) For x = r | W0 (r) j assumes its maximum value.
With (45) From (16) it is easily seen that W(x) may be written as
performing the differentiations at the first term in (48) gives
-oo -oo and the second term 
We observe that in (52) upon an interchange of r and x the first term in parenthesis goes over into the second and vice versa. Thus the integrand is symmetric in x and x . We may therefore extend the integration in the (r, x) -plane from the aerea above the diagonal r = x over the total plane and write
-oo
Let us now introduce a by (27), substitute uv = ar" in (50) and consider small a. Then (50) can be written:
-00 -00
If the coefficients of (4) are non zero and analytic in a certain aerea then the solutions of (4) 
-00
An upper bound of this integral is given by It has been brought to the attention of the authors only recently that A. CAVALLIERE, B. CROSIGNANI, and F. e is any number 0<£<D.
GRATTON (Nuovo Cimento 33, 1338 [1964 ) have treatWe have thus shown that for analytic co (t) the ed the same problem by similar methods. They use the variation of the magnetic moment indeed goes to convergent series (16), but assume that f{x) be boundzero as exp [ -2(5/«] as supposed by KULSRUD and \ he 1 reas we assume /(R) to belong to the class U • .
« . . l-ii ri ifor holomorphic co (t) CAVALLIERE et al. arrive at the the constant 6 is equal to the width of the analytic game conclusions as we do. In the other aspects of the strip. The estimate (60) is still pessimistic because treatment there is no overlapping.
exp {2 a / ds j /(i(D -e) + s)|;
